M1 General Physics 2023-2024
Particles

Final exam
January 10th 2024

Documents allowed

Notes:

- The subject is deliberately long. It is not requested to reach the end to get a good
mark!

- The system of unit is such that c=1,A=1, ¢y =1, po = 1.

- Space coordinates may be freely denoted as (z,y, 2) or (z!, 2%, z3).

- One may always assume that fields are rapidly decreasing at infinity.

- Drawings are welcome!

1 Belinfante tensor

We consider a Lagrangian describing particles with spin. The Lagrangian density is assumed
to have no explicit dependence with respect to space-time position.

1. Recall the origin of the conservation of the canonical energy-momentum tensor, denoted
as T and the expression of the conserved charge in terms of T"”. How is it named?

Solution

This is due to the invariance of the Lagrangian with respect to space-time translations, which
implies the invariance of the action, and thus the existence of conserved currents by Noether
theorem. The conserved charge is the 4-momentum, which reads

P = /T0”d3x.

2. Recall the origin of the conservation of angular momentum, denoted as J***, and the
expression of the conserved charge J**. What are the symmetry properties of J*** and J**?

Solution

This is due to the invariance of the Lagrangian with respect to Lorentz transformations,
which implies the invariance of the action, and thus the existence of conserved currents by
Noether theorem. The conserved charge is

le)\ — /JO,V)\ d?’f )

Both J#** and J"* are antisymmetric with respect to v <+ .



3. In the case of a particle of arbitrary spin, the angular momentum tensor takes the form
J,u,zz)\ — Y T,u)\ o .I')\ THv + A,uzz)\7 (1)
where A# is a function of the fields, antisymmetric with respect to v <> .

i) What would be the value of T — T"* for a particle of spin 07

Solution

In this case, A*** = ( and thus the conservation of J*** implies that, using the conservation
of TH

O = giTH — g3 T =T =T = 0.

Thus T" is symmetric.

ii) In the general case, compute 7" — T* in terms of A#*,

Solution

We now get
auju,uA — gZT;L)\ o gf;,\ij + aMA,uV)\ — TV)\ o T)\V + auA;w)\ =0
and thus

T)\V o TV)\ — @A‘“’)‘.

4. We introduce the Belinfante energy-momentum tensor
1
Ty =T + 5@ [A‘“”\ + AVHA A)‘V“] . (2)

i) Show that T} is conserved.

Solution
We have
1
aMTgu _ aMT;u/ + §auaA [A/u/)\ + AVM)\ _ A)\l/u} =0.

Indeed:
- the second term gives 0 since 9,0, is symmetric while A¥** is antisymmetric.
- A and p are summation indexes, thus the first and the third term compensate.



ii) What can be said on the symmetry properties of 7%"?

Solution

1
Tgu . Tg,u — TH _re 4 5&)\ [A;w)\ + Au,u)\ o A)\V;L o Au,u)\ - A,uu)\ 4 A)\,uzz:|
= aA[AAw + A)\W] =0

where we have used the antisymmetry of AM? with respect to u <+ v.

iii) Compare the charge associated to T"” to the one associated to T%”. Conclusion?

Solution

The charge associated to T" is the 4-momentum of the field. It reads
pPr = / T
The one associated to T%" is
P; = /Tg”dgx = /To”dgz): + % /0A [A’“”\ + AVHA A’\”“} >z
The second term in the RHS is the integral over the whole space of a total derivative, thus it
vanishes thanks to the fast decreasing fields at infinity. In conclusion, the total 4-momentum

of the field is the same, although its local density differs. This is the reason why 7%" can be
named energy-momentum tensor.

iv) Show that the total angular momentum of the field can be defined using a local density
built from the local density of the 4-momentum, just like in the scalar case, using 75" instead
of T i.e. show that

JA = /(x”Tg’\ — T dPx (3)

Solution

We have
Jp = /(x”Tg’\ — T d*x
— /(quOA o [L‘)\TOV) de
1

+ 5/‘ [xuaa (SOAa + S)\Oa . SozAO) o I)\aa (SOVOc + SVOa . Sozl/O):| ]
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In this equation, the second term in the RHS can be rewritten after performing an integration
by part, so that

Jg)x :/(ZL'VTO)\ o [L’)\TOV) de o %/[gg (SO)\a + S)\Oa o Sa)\O) o gg (SOI/a + SVOa o SO‘VO)} de

— /(ZL'VTOA o x)\TOV) dgllﬁ' o %/ [So)\l/ + S)\OV o SV)\O o SOV)\ o SVO)\ + S}\VO:| d?’f

1
— /(xz/TO)\ - x)\TOV) d3£(3 - 5/‘ |:SO)\V - SOV)\:| d3£(3

where to get the last line, we have canceled the second with the last term, as well as the
third term with the fifth one, using the antisymmetry of S** with respect to v <> p. Using
again this antisymmetry, we finally get

']E)\ — /(quOA _ :L,)\TOV 4 SOV)\) d3.§(3 — JV)\

as expected.

2 Lorentz Transformation of Electric and Magnetic Fields

Einstein’s first postulate of the Special Theory of Relativity tells that the laws of physics have
the same mathematical form in inertial frames moving with constant velocity with respect
to each other. In this problem, we will rely on this postulate to get the law of transformation
of electric and magnetic fields.

Consider, in frame S, a particle of rest mass m and charge ¢ moves with velocity « in an
electric field E and a magnetic field B and experiences a force

F:q(E—HI/\B) (4)
so that, denoting as p' the momentum of the particle in .S,
dp
E+a@AB 5
4B +an). 9

In frame S’, which moves along the z—axis of S with speed 8 = v, the velocity of the particle
is 4’ and the particle experiences a force

F'=q¢E'+a' AB) (6)
where E’ and B’ are the electric and magnetic field, respectively, in S’; so that

dp’ B B
%:q(E’jLﬁ’/\B’), (7)

where p’ is the momentum of the particle in S’.

1. Show that
dt’

== ). ®



Solution

This is obvious from the expression of a Lorentz transformation, using the fact that dx = wu,dt
and

dt' = ~dt —~pdz. 9)

2. Express (py, p’) in terms of (pg, p).

Solution
We have
o = Y(po— Bpa) (10)
Py = v(pe— Bpo) (11)
p; = Dy (12)
P, = p.. (13)
3. Justify that
dpo =
= _gi-E 14
el (14)
and
dpy g
Solution
This just comes from the fact that
de -4 dp6 R —
EZU-F and W:u'-F’.
4. Show that
Uy — B
— 16
1 wu
= = Y 17
1 u
= = S 18
T AT By, (18)

Comment on the non-relativistic limit u, ~ 5 < 1.



Solution

We have, through differentiation,

dt' = ~ydt — ~vBdx
dr’ = —vfBdt + ~ydx

which gives

g = 3 _ Pt tyde v —
Tdt ydt—~Bdr 1 — Puy

Besides,

Yoo dt ydt —Bdy 1 — Buy’

u

and similarly

,d dz 1w,

uzzyzvdt—yﬁdzzal—ﬁux'

At lowest order, we get u), ~ u, — 3, u;, ~ u, and u}, ~ u, as expected in the change of
inertial frame in non-relativistic mechanics.

5. From the known result based on the fact that F*” transforms as a 2-contravariant tensor
under Lorentz transformations, write the components of £/ and B’ in terms of the compo-
nents of £ and B.

Solution
Using
C = (B4 [E— (E-ﬁ)ﬁ] +NTAB,
B = (B-@)i+n [E— (B ﬁ)ﬁ} A GAE,
we obtain
E. E,.
E; = (&, — BB.),
B, = B,,
Bg// = rY(BZ/ + BEZ) )
B, = A(B.-BE,).




6. Determine directly the relationship between the electric and magnetic fields in S and ',
obtained in the previous question.

Hint: using the various expressions obtained above in questions 1,2,3,4, express the LHS of
Egs. (14) and of (7) in terms of quantities in frame S, and in each case, compare then LHS
with RHS.

Solution

We get from Eq. (15), using Eqgs. (16), (17) and (18),

dp;, , = Uy — B 1 u 1 u
o — El x El - Y E/ - z E./
dt’ 1 x+71—ﬁux y+71—ﬁux ?

where we have used Eqs. (10) and (11). Using now (5) and (14), we have

dp.
7 = ¢[E; +u,B, —u.,B,)],
dp
d—f = ¢[Ey+u,B, —u,B,],
dp.
dt = Q[Ez + umBy - ume]
and
dpo
rr = =qu,Ey +u By +u.E,],
so that
Uy — [ 1 wu 1 u
z E'/ - Yy / - z 12
R T R i Ay i
1 _qﬁu [UEEZB + uyEy + quz - 5(Em + UyBZ — usz)]
and thus

V(e — B)E, + uy By + w. B = y(ug — B) By + uyy(Ey — BB.) + uy(E. + BBy) .
This should be valid for any «, which implies that

E; = F,,
Eg; = ’V(Ey - BBZ) )
E; = V(Ez + ﬁBy) .

Similarly, we have

_dp’ 1w 1w
z = El /B/ — /B/ = E/ - Y  p_ z /
o q[E, +u, B, —u,B,] q[m+71_ﬁ%72 Tl
1 dp, dpo q
1—&%<ﬁ b 1_@J +uyB. —u.By — B(us By + uy By + u. E.)]



and thus
E, +uyB, —u.B, = E, +u,y(B. — BE,) — u.v(B, + BE.),

which implies that

E; = F,,
B, = ~(B.-pE,).
Next,
dp,, 1 u Uy —
Yy — El /B/ _ IB/ — El - z B/ _ x B/
1 1 dp,y q
= - — = —|F ZB:(: - :(:Bz
v1— Pu, dt 7(1—Bux)[ y U ua B
and thus

u. B, +v(1 = Buy)E, — (uz — B)yB. = Ey + u.B, — u.B.,
which implies that

B! = B,,
B. = ~(B.+8E,).

&
I

Finally,
dp’ Uy — 3 1 u
z El /B/_ /B/ — El T /__ Yy !
S A ] (R ey vt A ey T
1 1 dp. q
= - :7Ez mB - Bm
T Buy dt ~ A(1— ) o T By Bl
and thus

(1 = Bus)E. +v(ux — 8)By — uyB), = E. + u,By — uy B, ,
which implies that

B! = B,,

Sy
I

This is in agreement with the result of question 5.




3 Breit frame

Consider the elastic scattering of two particles A and B, of masses m4 and mp respectively.
In a given inertial frame F, the momenta of particles A and B are Py = (Ea,pa) and
Py = (Ep,pp) before the scattering, and Py = (E'),p)) and Pj = (E}%,pj) after the
scattering.

1. Show that there is an inertial frame B, named Breit frame, in which py + p’y = 0. What
is the velocity of this frame with respect to the frame F7

Solution

This choice is always possible: one should just boost from F, in which p}4 + p’ is arbitrary,
to the frame B in which p4 + p’ = 0. The velocity of this frame is thus
2 ﬁA + 13:/4

U:CEA_I_EA.

2. Show that in Breit’s frame, the modulus of the momentum of each particle as well as their
energies are conserved during elastic scattering.

Solution

Working now in Breit’s frame, we denote as pa, pg, Py, Pz the modulus of pa, ps, P, Pg
respectively. The fact that ps = p/y is obvious from the definition of Breit’s frame. Thus,
E, = FE';. Conservation of energy, which reads E4 + Ep = E/ + E; thus implies that
Ep = FEY;. Finally, one deduces that pg = p's.

3. We use the standard notation * for a given quantity in the center-of-mass frame. Let us
introduce the Mandelstam variable t = (P4 — P})>.

i) What is the property of ¢ with respect to Lorentz transformations?

Solution

t is a Lorentz invariant.

ii) Compare p4, p's, P, 5.

Solution

By definition of the center-of-mass frame, p + pj; = 0 and thus p¥ = pj. Conservation of
=/ %

momentum implies that p”’; +p"; = 0 and thus p}; = p’;. Finally, conservation of momentum
implies that

Vmi - pE e Jmiy g = w4\ md

and thus p% = p/}.
Conclusion: pYy = p's = py = p.



iii) Compute ¢ in the center-of-mass frame, and show that the scattering angle 0* satisfies

t
cosf* =1+ —. 19
2 19

Solution

We have

t=(P;—P;)? = 2m% —2P; P}
= 2m} — 2B + 24 - )
= —2p'2 + 2p cos? 0F = 2p*E(cos® O — 1)

and thus

t
cost =14+ —. (20)
2p*?

iv) Working now in the Breit’s frame, deduce that

*

pa = plysin 5 - (21)

Solution

Let us compute the Mandelstam variable ¢ in the Breit’s frame. Since EF4 = E/; and p4 = p)y,
we get

t=(Ea—EY)" — (Pa—Pa)* = —4p4
so that
Py =pi———— =pisin® —,
2 2

and thus

4. (*) Show that

0 0~ E5\?
DB :ij:p*A\/sin2§+72c:os2§ <1+ E;) (22)
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and

p*2 ‘9*
Ep=FEj =~ (E;g + = cog? —) : (23)
£ 2

where v is the Lorentz factor when boosting from the center-of-mass frame to the Breit’s
frame.

Hint: make a drawing and identify the direction of the boost. Then use the explicit form of
this boost.

Solution

Let || be the direction of p'4 + p”4, and L the direction of p'4 — p’;.

One should perform a boost along the direction ||, such that ply and p’ f4|| vanish, while their
L components remain identical to their value in the center-of-mass frame, and thus opposite.
This will turn p4 and p’ :4|| to be opposite, as it should be in Breit’s frame.

This boost from the center-of-mass to the Breit’s frame thus looks as follows:

DA Da

o boost A l/ i

L L

It reads, for momentum p4,

Ex = ~Ey+8py,

pa) = VBEL 4+ =0,
and thus

Py

=T

For momentum ppg, the boost reads

Ep = ~vEz+706pp),

pe| = VPER +pp) -
Thus, using the value of # and the fact that Py = —Pu» we get
*2
Paj
Ep = E7
B Y ( B + EZ) )
* E*
PB| = —Pa| (—f + 1) :
A
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Besides, we have

*

Pai = Pasin 5
) A
Dy = DPyCOS o0
and of course pi = pil +p?4|| and pQB = ]92]3l +p2BH with pay =p%, and pp. =pp, = —ph,-
Thus,
Ep = ~ (EE + %*A; cos” %)
and

6 0= [ E* 2
— ¥ 27 2 27 B 1
PB = Pp pA\/sm 5 + 7y* cos 2 <E;} + )

Note that equivalently, using Ep = /m% + p%, one can also write

E* 2 9*
Ep=E,=,|E2+ (1 + E—B) v — 1] pii cos® (24)
A

The direct connexion between these two formula for Ep is not obvious and requires to use
the explicit expression of v, namely v = 1/1/1 — p*2/E*2 cos? 6* /2 in order to relate them.

5. Study the relative position of momenta pp and ]5']/3 with respect to the momenta ps and
ﬁg, and justify the name "wall reference frame" given to the B reference frame.

Solution

The answer is obvious from the boost considered in the previous question, and the above
figure.

Still, let us exhibit directly the geometry of the scattering in the Breit’s frame, without
using this boost from the center-of-mass frame. Just like in the previous question, for
any momentum p, denote p| the component along p4 and pj the component orthogonal

to pa. Since pa + pp = Py + pPg, and ply = —pa, we have p = pp + 2p4, which im-
plies that ﬁg” = pp| and Py, = Ppi + 2pa. From the fact that pp = pz one should
thus have pj, = =£pp,. Obviously, py, = pp. is impossible for a non vanishing pjy,
so that p, = —ppL = ppL + 2D, i.e. ppi. = —pPa. In the Breit frame the scattering

thus looks like a scattering on a wall perpendicular to p4 direction: ps get reversed, as
well as the component of pp along the direction of p4. It leads to the following geometry:

e P
1
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6. Calculate the deflection angle of each particle as a function of the modulus of momenta
One should in particular prove that the deflection angle ¢ of particle B is given by

2
cos¢:1—2p—§‘.
Pp

(25)

Solution
The deflection angle of particle A is obviously (pa,p’) = 7. Besides, from the following
figure:

¢
, .
L
2
we see that sin 2 = 24 and thus cos¢ = 1 — 2sin22 =1 — 2%
2 PB 2 PB
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