
Master 1 – General Physics G.M.

PROBLEM OF QUANTUM FIELD THEORY

The 4-momentum operator

1. Covariant preliminaries.

(a) Express 1 the Lorentz product pαxα in terms of the components of the 4-momentum
pα = (Ep, ~p) and the 4-vector coordinates xα = (t, ~x), where α is a Lorentz index:
α = 0, 1, 2, 3. Consider the metric gαβ = diagonal(+1,−1,−1,−1).

(b) For a particle with momentum ~p and mass m, give the expression of the relativistic
energy Ep, taken positive by definition. What is the relation between Ep and Ep′ in
case ~p = ±~p′ ?

(c) Calculate ∂µ(pρxρ) by using the Kronecker 2 symbol δρµ, where µ, ρ are Lorentz indices
and the compact notation, ∂µ = ∂

∂xµ
, is used.

2. The canonical real scalar field for the spinless particle of mass m reads as 3,

φ(xα) =

∫ +∞

−∞
d3p

1√
(2π)32Ep

(
a(~p)e−ip.x + a†(~p)eip.x

)
(1)

using the compact notation, p.x = pαx
α. Calculate the commutator [φ(t, ~x), φ(t, ~y)] with

the help of the 3 commutation relations for the annihilation/creation operators. Then show
(through the change of variable ~p 7→ ~p′ = −~p on one of the 2 terms obtained) that it vanishes.

3. The Lagrangian (density) for the real scalar field is,

L =
1

2
∂µφ ∂

µφ− 1

2
m2 φ2 .

From the relation between the Action and the Lagrangian, justify the dimension (in power of
the energy) of φ and then m.

4. One can now define the stress-energy tensor and the 4-momentum operator,

T µν =̂
∂L

∂(∂µφ)
∂νφ − gµν L , P µ =

∫ +∞

−∞
d3xT 0µ .

Express P µ in terms of the field φ and its derivatives: ∂0φ, ∂µφ.
1 Throughout the exam, the natural unit system is adopted: ~ = c = 1.
2 δρµ = 1 if µ = ρ and 0 otherwise.
3 The field and annihilation/creation operators are noted without accent, for simplicity: φ⇔ φ̂, a(†) ⇔ â(†).
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5. Show that, for µ = k (spatial index k = 1, 2, 3) one has P k =
∫
d3x ∂0φ ∂kφ, while for

µ = 0

P 0 =
1

2

∫
d3x

{
(∂0φ)2 +

∑
k

∂kφ ∂kφ+m2φ2

}
.

6. Based on Equation (1), calculate ∂0φ as well as ∂kφ (contravariant spatial derivative).

7. Recalling the triple Fourier transform of identity,
∫ +∞
−∞

d3x
(2π)3

ei~p.~x = δ3(~p), and then integra-
ting over these Dirac peak distributions, demonstrate that

∫
d3x ∂kφ ∂kφ is equal to∫

d3p
pkpk

2Ep

(
a(~p)a(−~p)e−2iEpt + a(~p)a†(~p) + a†(~p)a(~p) + a†(~p)a†(−~p)e2iEpt

)
(2)

with an implicit summation over k. Comment about the presence of a time-dependence in
this result.

8. Calculate
∫
d3x (∂0φ)2 by comparing the starting point of the calculation with previous ques-

tion [one can then use the result in Equation (2)].

9. Similarly obtain m2
∫
d3xφ2 by making replacements in Equation (2).

10. Finally derive also
∫
d3x ∂0φ ∂kφ from an analogy with Equation (2).

11. Show that the quantity
∫
d3p pk a(~p)a(−~p)e−2iEpt is equal to its opposite (and thus to zero)

via the change of variable ~p 7→ ~p′ = −~p and invoking the commutation relation for a(~p).
Same question for

∫
d3p pk a†(~p)a†(−~p)e2iEpt. Deduce that 2 terms of the

∫
d3x ∂0φ ∂kφ

expression, found in Question n’10, vanish individually.

12. Derive P 0 by summing the results obtained in Questions n’7, 8 and 9. Compare with the
Hamiltonian.

13. Show that P µ =
∫

d3p
2
pµ
(
a†(~p)a(~p) + a(~p)a†(~p)

)
. Could you interpret this result ? (from

properties on quantum harmonic oscillators)

14. Momentum commutator.

(a) Calculate the commutator [φ(xα), Pµ] with the help of the commutation rule for the an-
nihilation and creation operators. An integration (say on d3p′) can be easily performed
over the Dirac peak distributions arising from this rule.

(b) Calculate i∂µφ(xα) with Equation (1) and Question n’1c.

(c) Compare the results of Questions n’14a and 14b. Do you see an analogy with Quantum
Mechanics ?

***

Page 2 on 2


